Triple systems in PG(2,q)  by Jungnickel, Dieter & Vanstone, Scott




Mathematirches Institur der Jurrus-Liebig-Universiriir Giessen, Arndststr. 2, W-6300 Giessen, 
Germany 
Scott Vanstone 
Department of Combinarorics and Oprimizakon, University of Waterloo, Waterloo, Ont. 
Canada N2L 3GI 
Received 19 September 1989 
Dedicated to Profmr R.G. Stanton on the omsion of his 68tb biiday. 
Abstract 
Jungnickel, D. and S. Vanstone, Triple systems in PG(2,9), Discrete Mathematics 92 (1991) 
131-13s. 
Let G be a cyclic Singer group for the Desarguesian projective plane P = PG(2.9). Then there 
exists a cyclic Steiner triple system on the point set of P which is invariant under G and the 
blocks of which are triangles of P. 
1. Introduction 
In [4], Vanstone and Schellenberg proved the following result. 
Theorem 1.1. Let PG(n, q) be the n-dimensional projective space over GF(q), the 
field with q elements, and ca!I a set of n + 1 points not contained in any hyperplane 
a span. Then the points of PG(n, q) with the spans as blocks form a block design 
VS(n, q) with parameters 
4 
PI+1 -1 
v= q-l ’ k=n+l and A= 
In particular, the triangles of PG(2, q) form a triple system VS(2, q) with 
v=q’+q+l and A.=q’. We shall study the question whether or not this triple 
system contains a Steiner triple system as a sub-design. In fact, we shall prove 
that this is always true, even if one requires a cyclic Singer group of PG(2, q) to 
respect the STS. Before doing so, we state two general results related to Theorem 
1.1. 
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Theorem 1.2. With the notation of Theorem 1.1, one has 
Aut VS(n, q) = Aut PG(n, q) = PTL(n, q). 
Pro&, Obviously, any automorphism of PG(n, q) is also an automorphism of 
VS(n, q). Conversely, let LYE Aut VS(n, q) and let X, y be any two points of 
VS(n, q), Clearly cy maps the set of all blocks through x and y onto the set of all 
blocks through x Ly and y ? Note that any point z not contained in the line L = xy 
of PG(n, q) will be on a block B together with x and y. Then x~, yg zp will be 
on Ba; as B” is a span of PG(n, q) we see that z@ cannot be on the line 
L’ = x@yF Since this holds for all choices of x and y, we see that (Y respects the 
complements of lines in PG(n, q). Thus (Y also respects the lines of PG(-. q) and 
therefore (Y is an automorphism of PG(n, q). Cl 
Theorem 1.3. Let P be any projective plane of order q. Then the triangles of P 
form a triple system TS(P) with parameters 
v=q’+q+l and A=q*, 
and one has 
Aut TS(P) = Aut P. 
Proof. Clearly any two points of P are in exactly q* triangles. Also, any 
automorphism cy of TS(P) respects noncollinear triples and, therefore, also 
collinear triples; hence LY E Aut P. Clearly also Aut PE Aut TS(P). Cl 
As TS(P) contains q* out of the q’+ q - 1 triples {x, y, z} through two given 
points x and y, it would seem likely that one may always find a Steiner triple 
system STS(q* + q + 1) contained in TS(P). However, we see no way of proving 
this assertion for non-Desargression projective planes. A proof for PG(2, q) is 
given in Section 2. 
2. Cyclic Steiner triple systems in PG(2, g) 
We proceed to show that P = PG(2, q) contains an STS(q* + q + 1) among its 
triangles. Actually, we want to find an STS which is fixed under some ‘nice’ 
automorphism group G of P. Obviously, G cannot be too large, since PSL(2, q) 
is transitive on the set of all triangles of P. We shall show that we may take G as a 
cyclic Singer group for P; i.e., G = iz,~+~+, acts reguirlrly on both the points and 
lines of P. Also, we may represent P as the development of a planar difference 
set in &z+~+,, (See e.g. Beth, Jungnickel and Lenz [I] for the required 
background on Singer groups, difference sets, difference families and triple 
systems.) 
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Theorem 2.1. Let P = PG(2, q) be represented by the cyclic planar difference set 
D in G = Hqz+rl+l. Then there exists a set B of triangles of P which is invariant 
under G and which forms I( (cyclic) Steiner triple system on the points of P. 
Proof. We consider the point set -D in P. Trivially, -D is again a planar cyclic 
difference set, and thus the differences d - d’(d, d’ E --D, d # d') contain each 
element g #0 of G exactly once. Moreover, it is well known that -D is an oval of 
P, i.e., any line of P intersects -D in at most two points (see, e.g., Jungnickel 
and Vedder [2]). Our strategy will be to ‘break up’ -D into a suitable set of start 
blocks for a cyclic STS on the elements of G; the fact that -D is an oval of P will 
guarantee that all blocks of the STS are triangles of P. While this idea is simple, 
the actual construction needs a little work. We shall have to distinguish four cases. 
Case 1: q=2 (mod6). 
Here we put S = -D and note that ISi = 3 (mod 6). Thus we may form a 
Steiner triple system T on the points of S, say with block set D. It is now easily 
seen that D is a (q* + q + 1,3, I)-difference family in G, as -D is a difference set 
and as any two elements of -D will appear in a unique block in D. Moreover, as 
-D is an oval of P, any 3 points in -D (and thus, in particu.lar, any start block in 
D) form a triangle of P. Thus D gives the desired cyclic STS consisting of 
triangles of P. 
Case 2: q = 1 or 3 (mod 6). 
We may assume that D is fixed under the multiplier q, i.e. Dq = D. Then, of 
course, -D is also fixed under q. Note that q has (multiplicative) order 3 modulo 
q* + q + 1. Thus the orbits of q on -D consist of triples and singletons. Now 
every singleton orbit consists of an element in the unique subgroup H = 
(0, h, 2h) (with h = (q* + q + 1)/3) of order three of G, and -D contains at most 
two such orbits. (Otherwise the difference h would occur three times from -D.) 
Thus -D contains exactly one or two singleton orbits, depending on whether 
q=3orq=l( mod 6). Noting that -D + h and -D + 2h are also fixed by q, we 
may assume that 0 E D n (-D). Now put S = -D \ (0)) and let D be the block set 
of a Steiner triple system on S. Note that D forms a partial (q* + q + 1, 3, i j 
difference family; the differences not arising from D are precisely the elements 
fd(d E S). But d E D implies dq, dq* E D, and we have d + dq + dq* = d(1 + q f 
q*) = 0 in G. Thus, for any d in an orbit of size 3 under q, we may form the start 
block (0, d, (q + l)d} giving the 6 differences kdqi (i = 0, 1, 2). For 
q=3(mod6), S contains no singleton orbit, and the start blocks just selected will 
complete D to a (q* + q + 1,3, 1)-difference family in G. Noting that the blocks 
in D are triangles of P (as -D is an oval) and that each block (0, d, (q + l)d} is a 
triangle (for otherwise d = d - 0 = (q + 1)d -d would be two difference repre- 
sentations for d from D), we have constructed the desired STS for q s 3 (mod 6). 
In case q = 1 (mod6), S contains exactly one more singleton orbit, say (h). 
Forming start blocks from the remaining (q - I)/3 orbits of size 3 and taking the 
start block (0, h. 2/r} again gives the desired STS. (Of course, we do not get a 
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difference family in this case, as q2+ 4 + 1s 3 (mod 6) which requires us to use 
the short orbit determined by (0, h, 2h}.) 
Case 3: q = 4 (mod 6). 
This is rather similar to Case 2. We again assume Dq = D and 0 E D t7 (-D). 
Now -D contains a further singleton orbit, say {h}. Form an STS on the point 
set S = -D\{O, h}; again, its block set D is a partial (q2 + q + 1, 3, l)-difference 
family in G consisting of triangles of P. The missing differences are those of the 
three types: 
(i) fD(d E S); 
(ii) f(d - h) for d E S; 
(iii) fh. 
The differences of the first type can be arranged into (q - 1)/3 start blocks as in 
Case 2, and the differences HI again give the start block (0, h, 2h) for the 
(required) short orbit. Noting that d E S implies dq, dq2 E S, we see that the 
differences of type (ii) also split into sets of six each of the form 
f(d - h), f(d - h jq, f(d - h)q2 
(since hq = hq2 = h). Similarly to case 2, these may be arranged into start blocks 
of the form (0, d - h, (q + l)(d - h)}, and we again obtain the desired cyclic 
STS. 
Case 4: q = 5 (mod 6). 
Now -D contains no singleton orbit under q; in particular, 0 is not contained 
in -D. Here we form an STS T on the point set S = -D U (0). The blocks not 
containing 0 will form a partial (q2 + q + 1, 3, I)-difference family D in G. The 
differences not covered are then precisely the elements of the form i(d -d’), 
where (0, d, d’} is a block of T. If we arrange matters so that (0, d, d’} E T 
implies (0, dq, d’q}, (0, dq*, d’q*} E T, we have the six missing differences 
f(d - d’)q’ for i = 0, 1,2 which can, as before, be arronged into the start block 
(0, d-d’, (q -t l)(d -d’)}. Since we may select the blocks of T throvdgh 0 
arbitrariiy (by re-iabeiing the elements of S) and since -D splits into (q + 1)/3 
orbits of size 3, this can be easily done by splitting the orbits into two sets of 
(q + 1)/6 each and pairing them off in any way. Cl 
3. Concluding remarks 
The results of this note lead to several interesting open questions. 
Problem 1. Can VS(2, q) be partitioned into q* Steiner triple systems? 
Problem 2. Does TS(P) contain an STS for any projective plane P? 
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Problem 3. The constructions used in the proof of Theorem 1 contain a lot of 
free choice and should, therefore, presumably lead to many non-isomorphic cyclic 
STS embedded in PG(2,q). Find a bound for this. 
Problem 4. More specifically, if one uses non-isomorphic ST!5 on S in the proof 
of Theorem 2.1, will the resulting cyclic STS be non-isomorphic? 
Problem 5. Can every cyclic STS (q2 + q + 1) be embedded into PG (2, q)? 
(Using the tables in [3], one may check that this is true for q s 4.) 
Problem 6. Assume that the necessary arithmetic conditions for the existence of 
an S(2, k, q2 + q + 1) are satisfied. Is it then possible to select a set of k-arcs in 
PG (2, q) forming an S(2, k, q2 + q + l)? [0 ur result shows that the answer is 
‘yes’ for k = 3; as shown in [2], it is also ‘yes’ for k = q + 1. In both cases, the 
S(2, k, q2 + q + 1) is even invariant under a given Singer group G of PG (2, q).] 
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